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Gol(z) in easily invertable formGOL z( ) ωn
2 τ2 τp−( ) z

z 1−
⋅

z T⋅

z 1−( )2
+

τp τ2−( ) z⋅

z e

T−

τp−

+










⋅:=

T Fs
1−:=

GOL2 jx 4456.0⋅( ) 310.954− 28.551i−=GOL1 jx 4456.0⋅( ) 310.954− 28.551i−=

Numerical Check that both open-loop gain functions provide same result.

Partial fraction formGOL2 s( )
ωn

2

s
τ2 τp−( )⋅

ωn

s









2

+
ωn

2

1 s τp⋅+
τp

2 τ2 τp⋅−



⋅+:=

GOL1 s( )
ωn

s









2 1 s τ2⋅+

1 s τp⋅+









⋅:=

τp C1 C2⋅ R2⋅ C1 C2+( ) 1−⋅:=

R2 4.712 10
4

×=R2 τ2 C2
1−⋅:=τ2 2.292 10

5−
×=τ2

2 ζ⋅

ωn
:=

C2 0.9 Cx⋅:=C1 0.1 Cx⋅:=

Cx 5.404 10
10−

×=Cx
ωn

2
N⋅

Kd Kv⋅







1−

:=

N 3000:=

Kv 2 π⋅ 10
7

⋅:=ζ 0.90:=

Kd
0.001

2 π⋅
:=ωn 2 π⋅ 12500⋅:= jx 1−:=Fs 100 10
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⋅:=
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Look at open-loop gain functions with and without sampling effects included.

N pts 50:= pp 0 N pts 1−..:=

fswpp
1.001

2 π⋅
10

6.19
pp

N pts









⋅

⋅:=

Mspp 10 log GOL2 jx 2⋅ π⋅ fswpp⋅( )( )2



⋅:= Mzpp 10 log T GOL e

jx 2⋅ π⋅ fsw pp⋅ T⋅



⋅





2



⋅:=

Gsum s nm,( ) 10 log

nm−

nm

kk

GOL1 s
jx kk⋅ 2⋅ π⋅

T
+







∑

=











2









⋅:=

G1pp Gsum jx 2⋅ π⋅ fswpp⋅ 1,( ):=

G2pp Gsum jx 2⋅ π⋅ fswpp⋅ 2,( ):=

G5pp Gsum jx 2⋅ π⋅ fswpp⋅ 5,( ):=

GCL s( ) 10 log
GOL1 s( )

1 T GOL e
s T⋅( )⋅+







2









⋅:=

H1pp GCL jx 2⋅ π⋅ fswpp⋅( ):=
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Look at the impact of including more or less aliasing terms in Poisson Sum 
approximation for Gol(z)
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Confirm Unity-Gain Open-Loop Frequency for Classic Type-2 PLL 
(Continuous-Time)

GOLC s ωn, ζ,( ) ωn

s









2

1
2 ζ⋅ s⋅

ωn
+









⋅:= ωn 7.854 10
4

×=

ζ 0.9=ωunity ωn ζ,( ) ωn 2 ζ2⋅ 4 ζ4⋅ 1++⋅:=

ωu ωunity ωn ζ,( ):= ωu 1.474 10
5

×=

pypp 10 log GOLC jx 2⋅ π⋅ fswpp⋅ ωn, ζ,( )( )2



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Where does unity-gain closed-loop occur in frequency?

ωn 7.854 10
4

×= ζ 0.9=

H s ωn, ζ,( ) 10 log
GOLC s ωn, ζ,( )

1 GOLC s ωn, ζ,( )+









2







⋅:=

H jx 2⋅ ωn⋅ ωn, ζ,( ) 0=

Hmagpp H jx 2⋅ π⋅ fswpp⋅ ωn, ζ,( ):=

Fcl_unity
2 ωn⋅

2 π⋅
:= Fcl_unity 1.768 10

4
×=

Frequency for Closed-Loop Peak Gain?

Fpkgain
ωn

2 π⋅

1

2 ζ⋅
⋅ 1 8 ζ2⋅+ 1−⋅:= Fpkgain 9.147 10

3
×=

Frequency for Closed-Loop -3dB Gain?

F3dB
ωn

2 π⋅
1 2 ζ2⋅+ 2 ζ4 ζ2+

1

2
+⋅+⋅:= F3dB 2.911 10

4
×=
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Convenient Approximations for Key Points of Open-Loop Gain Function

G0 10 log ωn
4 4 ωn

2⋅ ζ2⋅+



⋅:= Fx

ωn

2 ζ⋅

1

2 π⋅
⋅:= G0 195.804=

G1 40 log 2 ζ⋅( )⋅:= G1 10.211=
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SL1pp G0 40 log 2 π⋅ fswpp⋅( )⋅−:= SL2pp 20 log 2 ζ⋅
ωn
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⋅
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Closed-Loop Effect on VCO Phase Noise

Transfer function for VCO Noise in Closed-Loop
pzpp 10 log

1

1 GOLC jx 2⋅ π⋅ fswpp⋅ ωn, ζ,( )+









2





⋅:=

VCO Phase Noise Level at 1 rad/sec = L dBc/Hz LdBc 50:=

Svco f( ) LdBc 20 log 2 π⋅ f⋅( )⋅−:= pvpp Svco fswpp( ):= Svco_clpp
pvpp pzpp+:=

L1 LdBc 20 log ωu( )⋅−:= L2 LdBc 20 log 2 ζ⋅ ωn⋅( )⋅−:=
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Phase Margin for Classic Time-Continuous Type-2 PLL

θMar atan 2 ζ⋅ 2 ζ2⋅ 4 ζ4⋅ 1++⋅


:= θMar 1.283= θMar 180⋅ π 1−⋅ 73.514=

Angpp arg GOLC jx 2⋅ π⋅ fswpp⋅ ωn, ζ,( )( ) 180

π
⋅:= arg GOLC jx ωu⋅ ωn, ζ,( )( ) θMar− 3.14159−=
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Transient Resposnes: Step-Frequency to Phase-Error Response 

NOTE: All responses assume that feedback divider N= 1 ωn 7.854 10
4

×=

ζ 0.9=

Laplace Transform Form ∆F 10000:=
ωn

2 1
2 ζ⋅ s⋅

ωn
+









⋅

s
2 2 ζ⋅ ωn⋅ s⋅+ ωn

2+

2 π⋅ ∆F

s
2

⋅

θpd t ωn, ζ,( ) 2 π⋅ ∆F⋅

ωn

e
ζ− ωn⋅ t⋅

1 ζ2−

⋅ sin ωn 1 ζ2−⋅ t⋅




⋅:= d t

0.25

ωn
:= nn 0 50..:=

tmnn nn d t⋅:=

pa1nn θpd tmnn ωn, ζ,( ):=

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35
Transient Response

Time, msec

P
ha

se
 E

rr
or

, r
ad

.

Copyright J.A. Crawford 2004



J.A. Crawford U10626 Comm Design Worksheet 
March2004.mcd

16

Transient Response: Step-Frequency to Frequency Error

2 π⋅ ∆F⋅

ωn

e
ζ− ωn⋅ t⋅

1 ζ2−

⋅ sin ωn 1 ζ2−⋅ t⋅




⋅ (time differentiate)

fpd1 t ωn, ζ,( ) ∆F− ζ⋅
exp ζ− ωn⋅ t⋅( )

1 ζ2−( )
1

2









⋅ sin ωn 1 ζ2−( )
1

2









⋅ t⋅









⋅ ∆F exp ζ− ωn⋅ t⋅( )⋅ cos ωn 1 ζ2−( )

1

2









⋅ t⋅









⋅+:=

fpd11 t ωn, ζ,( ) ∆F e
ζ− ωn⋅ t⋅

⋅ cos ωn 1 ζ2−⋅ t⋅






ζ

1 ζ2−

sin ωn 1 ζ2−⋅ t⋅




⋅−









⋅:=

pb1nn fpd1 tmnn ωn, ζ,( ):= pb2nn fpd11 tmnn ωn, ζ,( ):=
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Transient Response: Step-Phase to Phase Error ∆θ 1:=

Laplace Transform Form
ωn

2 1
2 ζ⋅ s⋅

ωn
+









⋅

s
2 2 ζ⋅ ωn⋅ s⋅+ ωn

2+

∆θ
s

⋅

θpd2 t ωn, ζ,( ) ∆θ e
ζ− ωn⋅ t⋅

⋅ cos ωn 1 ζ2−⋅ t⋅






ζ

1 ζ2−

sin ωn 1 ζ2−⋅ t⋅




⋅−









⋅:=

pc1nn θpd2 tmnn ωn, ζ,( ):=
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Transient Response: Step-Phase to Frequency Error

penn
∆θ

2 π⋅
ωn⋅ e

ζ− ωn⋅ tm nn⋅
⋅

2 ζ2⋅ 1−

1 ζ2−

sin ωn 1 ζ2−⋅ tmnn⋅




⋅ 2 ζ⋅ cos ωn 1 ζ2−⋅ tmnn⋅





⋅−











⋅:=
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Peak Frequency Overshoot for Frequency-Step Input

Tfpk
2

ωn 1 ζ2−⋅

atan
1 ζ2−

ζ







⋅:=
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Peak Phase Error for Frequency-Step Input

Tθpk
1

ωn 1 ζ2−⋅

atan
ζ

1 ζ2−







1−
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
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

:=
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Peak Phase-Error for Step-Phase Input

Tθpk2
1

ωn 1 ζ2−⋅

atan
2 ζ⋅ 1 ζ2−⋅

2 ζ2⋅ 1−











⋅:= Tθpk2 2.635 10
5−

×=
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Gcl2np 10 log
1

1 Golz e
jx 2⋅ π⋅ fsw np⋅ Ts⋅( )

ωn, ζ,










+









2









⋅:=

Gcl1np 10 log
Gols jx 2⋅ π⋅ fswnp⋅ ωn, ζ,( )

1 Golz e
jx 2⋅ π⋅ fsw np⋅ Ts⋅( )

ωn, ζ,










+











2







⋅:=

Gmsnp 10 log Gols jx 2⋅ π⋅ fswnp⋅ ωn, ζ,( )( )2



⋅:=

Gols s ωn, ζ,( ) ωn

s









2
1 e

s− Ts⋅
−

s Ts⋅







⋅ 1
2 ζ⋅ s⋅

ωn
+









⋅:=

Gmznp 10 log Golz e
jx 2⋅ π⋅ fsw np⋅ Ts⋅

ωn, ζ,












2





⋅:=

fswnp 10
4.9 0.20 0.80

np

Np 1−
⋅+









⋅

:=

np 0 Np 1−..:=

Np 35:=

Golz z ωn, ζ,( ) ωn Ts⋅( )2
z 0.5

1

Ts

2 ζ⋅

ωn
⋅+









⋅ 0.5
1

Ts

2 ζ⋅

ωn
⋅−









+

z 1−( )2













⋅:=

τ2
2 ζ⋅

ωn
:=τ1

ωn
2

N⋅

Kd Kv⋅







1−

:=ζ 0.707:=

N 9000:=

Kv 2 π⋅ 10
7

⋅:=Kd
1

π
:=ωn 2 π⋅ 0.020⋅ Fs⋅:=

Ts Fs
1−:=Fs 10

5
:=

Case 4 from My Book

Sampled Type-2 System with Sample-Hold
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Phase Noise Probability Distribution Function
for Sine Wave in AWGN

Ref: "On the Phase Error Distribution of an Open Loop Phase Estimator," 1988 
IEEE Intl Conf Comm, W. Hagmann, J. Habermann

By J. Crawford      4 November 1992  Updated 12 March 2004
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Compute Tracking Variance Versus SNR and Number of States
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EXTRA: Mean-Time-to-Slip

SlipTime p q,( )
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