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Continuous and Sampled PLLs (Type-2 3rd Order)

3
0.001 — 100. N
®y = 2-1-12500 Kg == Fs = 100-10 K=y -l
‘T
G =090 Ky = 2-7-10
N := 3000
-1
wnz'N \ -10
Cx = Cx =5.404 x 10
Kd-Ky )
Cq1:=10.1-Cx Cp :=0.9-Cx
2-C -5 -1 4
Ty = — Ty =2.292x 10 Ry :=19-Cp Ry =4.712x 10
®p
-1
Tp = C]-Cg-Rg-(C] + Cz)
GoLi1(8) =|— | —
S ) 1+ S-’Cp)
2 2 2
Ox)n o)n 0)n 2 \ . .
Gora(s) = —-(12 - Tp) +|— + -(rp -1 Tp Partial fraction form
S S ) 1+s1p
Numerical Check that both open-loop gain functions provide same result.
Gor1 (jx-4456.0) = —310.954 — 28.551i Gopo (jx-4456.0) = —310.954 — 28.551i
T := Fs_l
2 z z-T (Tp—Tz)'Z . -
GoL(z) = oy - (12 - Tp)- ) + 5 + — Gol(z) in easily invertable form
’ (z-1) —
T
Z—¢ p
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Look at open-loop gain functions with and without sampling effects included.

6.19-[;;1) \
1.001 t
fswpp = P SJ
27
2
) 2 (jx~2-n~fswpp~T\ 3
Mspp = 10-log| (|Gora(jx-2m-fswpp )| ) Mz, = 10-log| | [T-GoLle |
2
nm
xkk2m ) )
Gsum (s,nm) = 10-log Z GoLils + —)
kk = —nm

J

Glpp = Gsum (jx-2~7t-fswpp , 1)

G2pp = Gsum (jx-2~7t-fswpp ,2)

GSpp = Gsum (jx-2-1-fswpp . 5)

2
GoLi(s) ‘ )
Gcp(s) =10-log

1+ T-GOL(eS'T)

Hlpp = Ger(jx-2m-fswpp)
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Look at the impact of including more or less aliasing terms in Poisson Sum
approximation for Gol(z)

Open-Loop Gain Functions
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Open-Loop Gain Functions
100
80
60
m 40
=l
-
‘=
O
20
0
—20
0 3 4 5 6
100 1-10 1-10 1-10 1-10
Frequency, Hz
Gol, Continuous

000 Gol, Sampled

Sum Gol Aliases -2 -1,0,1 2

Copyright J.A. Crawford 2004




J.A. Crawford

U10626 Comm Design Worksheet
March2004.mcd

Open-Loop Gain Functions
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Closed-Loop Gain
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Confirm Unity-Gain Open-Loop Frequency for Classic Type-2 PLL

(Continuous-Time)

wunity(wn,C) = wn-/Z-gz + 4.§4 1

5
wu = wunlty((’)n ,C) wu = 1.474X 10

PYpp = 10-10g|:( |GOLC(jx-2-Tc-fswpp o §)|)2}

4
oy = 7.854 % 10

¢ =09

Continuous-Time Open-Loop Gain
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Where does unity-gain closed-loop occur in frequency?

4
o, = 7.854 x 10 £ =09

\z
J

GoLc(s.on.¢)

Hl(s,0,.0) = 10-log
( n ) 1+GOL(j(S,(Dn,C)

H(jx~\/—2-oon,mn,q) =0

\/—2'“’n

4
27 Fel_unity = 1.768 x 10

Fel_unity =

Frequency for Closed-Loop Peak Gain?

(O 1 2 3
Fpkgain = : \/ 1+8¢ -1 Fpkgain = 9-147 x 10

2 2:C

Frequency for Closed-Loop -3dB Gain?

(0] 1 4
F3dB::ﬁ-\/1+2-C2+2~ /§4+§2+z F34p = 2.911x 10
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Key Closed-Loop Gain Frequencies

_—‘/F‘Lk'& in FCl_:u nlty
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Key Closed-Loop Gain Frequencies

Closed-Loop Gain, dB
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Convenient Approximations for Key Points of Open-Loop Gain Function

4 2.2 Op 1
GO := 10-10g(0)n 4o, Fx = — —

=—. GO = 195.804
2.0 2
G1 = 40-log(2-¢)

Gl =10.211
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o \
SLIpp = GO - 40-log (2--fswpp ) SL2pp = 20-log| 2§ ————

2-7t-fswpp)

Continuous-Time Open-Loop Gain

Gain, dB
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e Gol(s)

Asymptote 1
Asymptote 2
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Closed-Loop Effect on VCO Phase Noise

Transfer function for VCO Noise in Closed-Loop

1

pzpp = 10-log

\2

VCO Phase Noise Level at 1 rad/sec = L dBc/Hz

Sveo(f) = LgBc— 20-10g(2-71:-f)

1+ GOLc(jX-Z-TC-fSpr » Wp :C) )

Lypc =50

PVpp = Sveo(fswpp)

S 1 =PpPVpp +Dpz
veocl pp pp

L1 := Lgpc - 20-log (o)

L2 := Lgpe - 20-log (2 0y)

Closed-Loop VCO Phase Noise

0 on 1 @
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........ Open-Loop VCO Noise
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Phase Margin for Classic Time-Continuous Type-2 PLL

OMar = atan (Z-C-/Z-CZ +4 4-§4 + 1)
180

Angpp = arg(GOLC(jx-Z-n-fswpp wnC))T

OMar = 1.283 eMar,lgo.ﬂ_ 1 = 73.514

arg(GorLc(jx @y .0n.¢)) - OMar = —3.14159

Phase Margin
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Transient Resposnes: Step-Frequency to Phase-Error Response
NOTE: All responses assume that feedback divider N= 1 o, = 7.854 x 104

£ =09

2 205 )
Ox)n * ]. +
[ ®n ] 2mAF Laplace Transform Form AF := 10000

2 2 2
s +20 oy s+ o, S
—C-on-t
amaF e 2Ot 2 ) 0.25
epd(t,wn,g) = . 'Slnkmn' I_C 't} dt =
(O] 1 C2 ®n

tmpq = nn-dt

palpp = Opd (tmnn »Op , C)

Transient Response
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&
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—
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—0.05
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
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nn :=0..50
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Transient Response: Step-Frequency to Frequency Error

2raF ¢ 2O A
. -sin| ©p- 1—§2-t} (time differentiate)
®On 2
1-¢
1) [1\
_ 2 2
fpdl(t,wn,C) = —AF-C-exp( S \ -sin (on-(l—C ) )-t +AF-exp(—C-wn-t)-cos wn-(l—cz) }-t
2
(1-2)
N N
fpdll(t,wn,C) = AF-e_C.wn.t- cos((on- I—Cz-t‘—L-sin((ﬂn- 1—§2-t‘\

Pblnn = fpdl(tmnn +®n C) pb2pp = fpdll(tmnn »Op C)

Step-Frequency Frequency-Error Response

Frequency Error, kHz

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
Time, msec

Formula 1
OO0 Formula 2
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Phase Error, rad.

Transient Response: Step-Phase to Phase Error A8 =1

O)nz'[l + Z'C.S\

®n ) A8 Laplace Transform Form

2 2 s
s +20 oy s+ o,

3\
—Coon-t (
Gpdz(t,mn,f;) = AB-¢ S /| cos|{ @p- l—Cz-t —L-sinkmn- 1-0t

pclpn == ede(tmnn »®p , C)

Step-Phase Transient Response
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Transient Response: Step-Phase to Frequency Error
2 — — )
penn = ZA_eo)ne_ C.mn.tmnn' E'Sin(mn' ]. - Cz'tmnnj - ZC'COS(O\)H 1 - cztmnn)
‘T

1—§2 )

Step-Phase Transient Response

=5
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Peak Frequency Overshoot for Frequency-Step Input

Tfpk == ————atan| ————

2 1-@2\
¢ )

Step-Frequency Frequency-Error Response

10 ;

Ty -1000

Frequency Error, kHz
=

k

VYV aVaVa laVlalalalalalaVeVeVaVa
DOTOTOTTTTTTTOTTT
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Formula 1
OOO Formula 2
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Peak Phase Error for Frequency-Step Input

SR SR | GRS
fpk = atan
oy 1-C2 J1-¢*)

Transient Response
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Peak Phase-Error for Step-Phase Input

1 2.0/ 1-@2\

— _ 5
Topk2 : atan 5 Topk2 = 2.635 X 10
2
opy 1-C 26 -1 )

Step-Phase Transient Response

Phase Error, rad.
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Sampled Type-2 System with Sample-Hold

Case 4 from My Book

Fg = 10° T = FS_I
1 7
o = 2-7-0.020- F, Kq = — Ky = 2-7-10
T
N := 9000 1
2 )
o, -N 2.C
€ :=0.707 T] = Ty = —
Kd'va Op
z [0.5+ Tl 2._Z;\+(0 - Tl Z—C\
2 (0] (0]
Golz(z:(’)n:C) = ((’)n'Ts) : > } 5 > }
(z-1)
Np =35
np:=0.Np-1
4.9. (0.204—0.80 P \
fswpp =10 Np_l]
( (jx-Z-Tt-fswnp-TS N
Gmzpp = 10-log| | |Golz| e o e }
T
2 —-S: s\ ZCS\
Gols S, , C J1+
s Ty ) ®p )
2
Gmsyp = 10- 10g|:(|Gols(JX 2:m-fswpp, Oy , §)|) }
_2_

GOlS(Jx 2:m-fswpp, Op ,C)

jx-2-n-fswnp-Ts) © CjH
sWn,

Gellpp = 10-log

1+ { Golz[e(

1

jx-2-n-fswnp-Ts)
,0p .

Gel2yp = 10-log

1+ {Golz[e( } |
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Open-Loop Gain for Classic Type-2 System
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Open-Loop Gain for Classic Type-2 System
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Closed-Loop Gains
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-1
Gmarz(Fn CFS) = |Gm « —20-10g(§-2-n-Fn-Fs

1
Gm « 0 if (z-n-Fn-Fs 1}24-@
\

5
Gmarz(10000,0.707,10 , = 7.048
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Fy -5 .
Figo = — Tg=1x10 x =i
2

0180 = 2m-Fig0
Given

F;
arg(GOls(jX-wlgo,wn,C)) =-T 0180 > 2.n.f

GmarF((Dn , C) := Find (0)180)

GmarF(2-7-1000,0.707)
27

4
=4.955x 10

Gmars(0y,,¢) = | w180 < GmarF(o,, ()

Gmar « —10-10g|:|:(|Gols(jx-0)180,0)n,§)|)2}}
Gmars(2-7-10000,0.707) = 13.079

phasepp = arg(GOls(jx-Z-Tc-fswnp ,®p , C))

4
2
phasenp 0
-2 /
_—/
—4
4 5
1 10 100 1 ~103 1-10 1-10
fswnp
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35

30

25

20

15

Gain Margin, dB

10

Gm2yp = Gmarz (faswppp . 0.707, F)

n
fswppp = N—p-19000 + 1000
p

Gmlpp == Gmars (27 faswppp . 0.707)

Gain Margin for Type-2 PLL with S/ H

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
Normalized Frequency

— Margin Using S-Domain

""" Margin Using Z-Domain

Difference
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Phase Noise Probability Distribution Function
for Sine Wave in AWGN

Ref: "On the Phase Error Distribution of an Open Loop Phase Estimator,” 1988
IEEE Intl Conf Comm, W. Hagmann, J. Habermann

By J. Crawford 4 November 1992 Updated 12 March 2004

ii:=10..250 Y:=5.0 Here, v =4/ SNR
0, = -1 + 2 ——.ii
u 250
2
e ! (yz-cos(oc)Z\
p(a,y) = 2— 1+ y-ﬁ-cos(oc)-e ‘-(1 + erf(y-cos(oc)))
‘T

i=0.5 . _ 100.1-(—3.0+jj~2.5)

i Yij.ii :=p(9ﬁ,vﬂ)

Probability
w

-3

Phase, Rad.

— Gamma=-3dB
"""" Gamma=-0.5dB
Gamma=2.0dB
""" Gamma=4.5dB
Gamma="7.0dB
"""" Gamma=9.5dB

Copyright J.A. Crawford 2004



J.A. Crawford U10626 Comm Design Worksheet
March2004.mcd

29

Sinusoid in AWGN Phase PDF

1
4
'\
!y
Iy
]
\
0.8 1 \
H \
\
! \
! \
! \
! \
! \
! \
! \
0.6 1 '
> ' \
= '
p= i \
= ‘
) H ]
s ]
o° | \
o \
= ] \
~ ' \
I
0.4 ' H
! \
! \
! \
K \

Phase, rad.

— Gamma=-3dB
==== Gamma=2.0dB

Copyright J.A. Crawford 2004




J.A. Crawford U10626 Comm Design Worksheet

30
March2004.mcd
T
. 0.1.(-2)
pcum (0,7) = p(a,y)da Ntates = 604 7 = 1..Nygtates v1 =10
0
0.1-2
Y2 =10
phasejj == L-R-Z\— I
Nistates + 1 )
1::= pcum (phase;;, li=1-pl5;
Plj=Pp (p b Yl) i Plj p2jj = pcum(phasejj,yz) q2j == 1-p2j

Phase Error Metric

Cum. Probability

0 10 20 30 40 50 60 70
Phase State

Transition Probs p
Transition Probs q

Copyright J.A. Crawford 2004



J.A. Crawford

U10626 Comm Design Worksheet
March2004.mcd

31

Phase Error Metric S-Curves

Cumulative Probability

— SNR=-2dB

oooooooo SNR= +2 dB
-1
Nistates k-1
plj \
S1 1+ Z I I 1 |
ql,
k=2 i=1 1+1)
kk—1
S1 S1 Bl
T H ql..
=1 ii+1
-1
Nistates k-1
p2; \
S2 |

30 40 50 60
Phase State

kk = 2.. Nstates

70
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Steady-State PLL State Probabilities
0.25 -

0.2

0.15

0.1

Steady-State Probability of Occupancy

0.05

Phase State

©66 SNR=-2dB
-<0-- SNR=+2dB

N 2
states N sates + 1\

varl := Z kk — f} -Slgk £/ varl- = 14.694
ot Ntates
N 2
. states . Ngtates + 1\ “
var2 ;= Z - f} "D2kk  var2- =9.942
Ntates

kk =1
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Compute Tracking Variance Versus SNR and Number of States

TrackVar(SNRgp.N) :=

TrackVar(Z , 64) =9.942

for sse1..N

ss
phasegg e( -2-7c\—

N +1

0.1-SNR4p
Pss < pcum | phasegg, 10

qss < 1—pgs

N k-1
S, < 1+Z H

for kke 2..N

\_
1+1 )

var < Z (kk—u)z-Skk
kk =1

stddevdeg « 4/ var-—

360
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r:=0.15
P = -8 +1r
-2
1 e \
trkep == TrackVar(p ,64) SNRL;; = 10-log| —-| trkyp——
= 2 180 |
2 Closed-Loop Performance vs SNR

Track Error Std Dev / Loop SNR, dB

6 -4 -2 0 2 4
Input Signal SNR, dB
Tracking Error Std Dev, deg
Loop SNR, dB
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EXTRA: Mean-Time-to-Slip

states q‘]\

SlipTime(p ,q) = Z Z qIH Pj)

k=1 1=1 ]=1

33
SlipTime(p1l,ql) = 1.668 x 10

65
SlipTime(p2,q2) = 1.015x 10
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