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PLL Versus MAP Estimator Variance

The variance for the first-order PLL was derived in Principles of Coherent Communications, A.J. Viterbi, 
McGraw-Hill, equation (4.39). The definition of SNR there assumes that NO AM noise is present. The 
absence of AM noise improves the SNR as seen by the PLL by 3 dB since only phase noise is left to 
contend with the signal.

The discussions in this worksheet assume that the signal-to-noise ratio (SNR) has AM AND PM noise 
present. In order to be consistent, the Viterbi result therefore uses an SNR argume that is a factor of 2 
larger than that presented in his text.
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VCO Self-Noise to Output Transfer Function
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Use FFT to Compute Transient Response

A step-change in output frequency can be equivalenced to a phase ramp at the phase detector
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Closed-Form Result for Type-2 System
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Here,  γb   is the average SNR per bit

k is the number of bits per symbol
M is the total number of points in the square QAM constellation (256)
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Derived Phase Noise Impact for Square QAM Constellations
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Rectangular spacing between constellation points 
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256 QAM Situation
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64 QAM Situation
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Now, assume the Tikhonov PDF for the phase error: 16 QAM Case
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Now, assume the Tikhonov PDF for the phase error: 64 QAM Case

PsWithNoise64 SNRbitdB θdegrms,( )
0.5−

0.5

θpθ θ
θdegrms

180
π⋅,









Psym θ SNRbitdB, 64,( )⋅
⌠


⌡

d:=

ph2pp PsWithNoise64 SNRbitdBpp
1.0, 

:=
ph1pp PsWithNoise64 SNRbitdBpp

0.1, 
:=

ph4pp PsWithNoise64 SNRbitdBpp
1.8, 

:=

ph3pp PsWithNoise64 SNRbitdBpp
1.5, 

:= ph6pp PsWithNoise64 SNRbitdBpp
2.5, 

:=

ph5pp PsWithNoise64 SNRbitdBpp
2, 

:= ph7pp PsWithNoise64 SNRbitdBpp
3, 

:=

18 19 20 21 22 23 24 25 26 27 28 29 30
1 .10

5

1 .10
4

1 .10
3

0.01

0.1

0.1 deg rms
1.0 deg. rms
1.5 deg rms
1.8 deg rms
2.0 deg rms
2.5 deg rms
3.0 deg rms

Symbol Error Rate for 64 QAM

SNR, dB

Sy
m

bo
l E

rr
or

 R
at

e

Copyright J.A. Crawford 2004



J.A. Crawford U10220 BER for Square QAM.mcd 10

Now, assume the Tikhonov PDF for the phase error: 256 QAM Case
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BER for 256 QAM

Pb γo( ) 15

64
erfc

4

85
γo⋅









⋅
225

2048
erfc

4

85
γo⋅









2

⋅−:=
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Look at BER with BPSK kp 0 40..:= xkp kp 0.25⋅:=

Pb EbNodB σp,( ) 2

0

8 σp⋅

θ
1

2
erfc 10

0.05 EbNodB⋅
cos θ( )⋅





⋅

1

2 π⋅ σp⋅
⋅ e

0.5−
θ

σp






2
⋅

⋅

⌠




⌡

d⋅:=

y3kp Pb xkp
15

180
π⋅,









:= y4kp Pb xkp
20

180
π⋅,









:=y1kp Pb xkp
1

180
π⋅,









:= y2kp Pb xkp
10

180
π⋅,









:=

2 3 4 5 6 7 8 9 10
1 .10

5

1 .10
4

1 .10
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0.01
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10 degrees rms
15 degrees rms
20 degrees rms

BPSK BER Versus Phase Noise
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Look at BER with QPSK kp 0 40..:= xkp kp 0.35⋅:=

Pbq EbNodB σp,( )
0

8 σp⋅

θ
1

2
erfc 10

0.05 EbNodB⋅
cos θ( ) sin θ( )−( )⋅





⋅

1

2 π⋅ σp⋅
⋅ e

0.5−
θ

σp






2
⋅

⋅

⌠




⌡

d

0

8 σp⋅

θ
1

2
erfc 10

0.05 EbNodB⋅
cos θ( ) sin θ( )+( )⋅





⋅

1

2 π⋅ σp⋅
⋅ e

0.5−
θ

σp






2
⋅

⋅

⌠




⌡

d+

...:=

y1kp Pbq xkp
1

180
π⋅,









:= y2kp Pbq xkp
3

180
π⋅,









:= y3kp Pbq xkp
5

180
π⋅,









:= y4kp Pbq xkp
7

180
π⋅,









:=
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1
Pulse Transform

Frequency, Hz

M
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tu

d
e

Plsnn H srrc fswnn( ):=

d t d f N pts⋅( ) 1−:=df
sps

T

1

N pts
⋅:=fswnn

sps

2 T⋅

nn

N pts
⋅:=

nn 0 N pts..:=

Samples per symbol usedsps 32:=N pts 1024:=

H srrc f( ) x T← f
1 α−( )
2 T⋅

<if

x
T

2
1 sin

π T⋅

α
f

1

2 T⋅
−









⋅








−








⋅← otherwise

x 0← f
1 α+

2 T⋅
>if

x x←

:=

α 0.5:=

Assume one symbol per secondT 1:=

Transmitter End: Assumed to be square-root raised cosine pulse-train with BT= 0.50

Baseband Synchronization

J.A. Crawford
March 24, 2004

Symbol Error Rates with Timing Errors Present
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Receive End: N=3 Butterworth Filter
jx 1−:=

ωc 2 π⋅ 0.50⋅:=
H rx s ωc,( ) 1

s

ωc









3
2

s

ωc









2
⋅+ 2

s

ωc
⋅+ 1+

:=

LPFnn 10 log H rx jx 2⋅ π⋅ fswnn⋅ ωc,( )( )⋅:= NBW
0

8 T
1−

⋅

ffH rx jx 2⋅ π⋅ ff⋅ ωc,( )( )2
⌠

⌡

d:=

0 0.2 0.4 0.6 0.8 1
10

8

6

4

2

0
Receiver LPF

Frequency, Hz

G
ai

n,
 d

B

NBW 0.524=
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Compute Receive Pulse Shape Out of LPF WITHOUT Noise Present τ 8 T⋅:=

RxPls f ωc,( ) H srrc f( ) H rx jx 2⋅ π⋅ f⋅ ωc,( )⋅ e
jx− 2⋅ π⋅ f⋅ τ⋅⋅:=

ωc 3.142=

Rxpnn RxPls fswnn ωc,( ):=

rxp IFFT Rxp( )
d t

1−

2 N pts⋅
⋅:= pp 0 rows rxp( ) 1−..:=
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Pk max rxp( ):=

PkLoc

pp

if rxppp Pk= pp, 0,( )∑:= PkLoc 279=
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Save receiver output pulse shape for the peak location +/- 8 symbol times

ii 0 16 sps⋅..:= jj 0 16..:=

pulseii rxp
PkLoc 8 sps⋅− ii+

:= pulse2 jj rxp
PkLoc 8 sps⋅− jj sps⋅+

:=

tm ii 8− sps⋅ ii+( ) d t⋅:=

4 6 8 10 12
0.2
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Receive Filter Output Pulse Shape
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Compute Symbol Error Rate with Noise and Intersymbol Interference

Characteristic Function 
for the ISI terms

C ω terr, L,( )
L−

L

kk

if kk 0= 1, cos ω linterp tm pulse, terr kk T⋅+,( )⋅( ),( )∏
=

:=

Pe terr EbNodB, L,( ) N o 10
0.1− EbNodB⋅

←

var N o NBW⋅←

Pe
1

2
0.0000001

2 π⋅
10

T
⋅

ω
sin ω linterp tm pulse, terr,( )⋅( )

ω
C ω terr, L,( )⋅

e

1−

2
var⋅ ω

2
⋅

π
⋅

⌠




⌡

d−←

:=

Pe 0.0 9.58, 8,( ) 2.076 10
5−

×=

SNRdB 9.58:= popt
1

2
erfc 10

0.1 SNRdB⋅
⋅:=

ss 0 20..:= terxss 0.20− 0.40
ss

20
⋅+:= pexss Pe terxss SNRdB, 8,( ):=
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1 .10
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Symbol Error Rate With Timing Error
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SNRdB 9.58=
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snr 10
0.1 SNRdB⋅

:= Define inverse erfc() function to assist in computing dB from theory

Given

erfc snr( ) pe−( ) 10
6

⋅ 0=

inverse_erfc pe( ) Find snr( ):=

deldBss SNRdB 10 log inverse_erfc 2 pexss⋅( )( )⋅−:=

0.2 0.15 0.1 0.05 0 0.05 0.1 0.15 0.2
0

0.5

1

1.5

2

2.5

3

3.5

4
dB from Theory

Timing Error, Symbols

d
B

 fr
om

 T
he

or
y

min deldB( ) 0.244=
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Accumlated Results

datout
0〈 〉

terx:=

datout
1〈 〉

deldB:=

C:\..\BS SER BT0.60.dat

datout

Read in previously computed results

d40

C:\..\BS SER BT0.40.dat

:= d45

C:\..\BS SER BT0.45.dat

:= d50

C:\..\BS SER BT0.50.dat

:=

d55

C:\..\BS SER BT0.55.dat

:= d60

C:\..\BS SER BT0.60.dat

:=
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pt14 pt 14( ):=pt11 pt 11( ):=pt8 pt 8( ):=pt5 pt 5( ):=pt2 pt 2( ):=

pt13 pt 13( ):=pt10 pt 10( ):=pt7 pt 7( ):=pt4 pt 4( ):=pt1 pt 1( ):=

pt15 pt 15( ):=pt12 pt 12( ):=pt9 pt 9( ):=pt6 pt 6( ):=pt3 pt 3( ):=pt0 pt 0( ):=

pt datpat( )

pspp 0←

pp 0 16 sps⋅..∈for

dat if patdatpat ii, 1= 1, 1−,( )←

pspp pspp dat pulse
mod pp ii sps⋅+ 16 sps⋅,( )⋅+←

pp 0 16 sps⋅..∈for

ii 0 3..∈for

ps ps←

:=
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