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PLL Versus MAP Estimator Variance

The variance for the first-order PLL was derived in Principles of Coherent Communications, A.J. Viterbi,
McGraw-Hill, equation (4.39). The definition of SNR there assumes that NO AM noise is present. The
absence of AM noise improves the SNR as seen by the PLL by 3 dB since only phase noise is left to
contend with the signal.

The discussions in this worksheet assume that the signal-to-noise ratio (SNR) has AM AND PM noise
present. In order to be consistent, the Viterbi result therefore uses an SNR argume that is a factor of 2
larger than that presented in his text.

nn o-2
varppL(o) := — +4 Z )
on =1 nn IO o 2)

In the high-SNR case, the variance of the phase error is closely approximated by one-half of the
reciprocal of the SNR
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Phase Tracking Variance Versus SNR
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Type-2 4th-Order PLL

ern

J.A. Crawford
24 March 2004
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2-1
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Frof = 10° C = ®p -N\
Kd'va
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Arbitrary Choices Ry =
0, C
Co:= 0.01-C;
Ry := 10-Rg
-1 —
Cy = (50, Ry) Co=4503x 10" ' Ry=2121% 10"
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G =Ry == 2=~
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1

Ky Y
s:Co+ Gy + Gy -G1 -Gy —\
-G G +sCq 0 0 p2
SV(s,pl,p2,p3,p4) = ‘
(s.pL.PZ,p3.p -Gy 0 Gy+sCyp O p3
K, p4j
0 0 1

Reference Noise at Output

RefNoise(f,0m) = |S < SV(jx-2-1-f,K461,0.,0,0)

NoiseOut « 20-10g( |S3|)

Self-VCO Noise at Output

VCONOoise(f,Lyco) =

S ¢ SV(jx2-m-£,0,0,0,Lyco)
NoiseOut « 20~10g( |S3| )

Leeson Noise Model for VCO

Fo = N-Frer VCO Center Frequency
Pout := 0.001 Output power, Watts
k:= 13810 2 Boltzman constant
T := 290 Temperature
Noise Factor
F=2
2
FkT Fo )
L f,Qq ) := 1010 |1+

Phase Detector Noise Floor

Lpd_dBC = -160
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Npts = 75 nn ;= 0. Npgg — 1

nn

-6

N
fsw =10 ™
nn

Resistor Noise Contributions

R1Noise(f) := |S « SV| jx-2.m-f, 0 0
R1 R1

NoiseOut « 20- log( |S |

N3nn = RlNoise(fswnn)

Resistor R2 Noise

. . 4-kT T 4kT
R2Noise(f) := |S « SV| jx-2.7w-f,— ,0

R )

R>
NoiseOut « 20- log( | | )

N4nn = R2Noise(fswnn)

0.1-N1 0.1-N2 0.1-N3 0.1-N4
NT = 10~10g(10 M40 "0 "0 ““)

0.05-
NI = RefNoise(fsw 10 LPUBC) N2 = VCONoise(fsw 10
nn nn nn nn

0.05- Lgpe( fsWans 5) )
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Phase Noise Contributions
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VCO Self-Noise to Output Transfer Function

s « sv(jx2-1-£,0,0,0,1)
G<—20-10g(|S3|)

HI(f) ==

Hy = Hl(fswnn)

nn

Reference Noise to Output Transfer Function

H2(f) == |S « SV(jx2-m-f,K4,0,0,0)
G « 20 log( |s3|)
Hznn = H2(fswnn) —20-log(N)

Hl 20
nn
H,
e 730
-40
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oooooo H2
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Use FFT to Compute Transient Response
A step-change in output frequency can be equivalenced to a phase ramp at the phase detector

409
4

[*)}

FFTgize :=

= (8¢ 0>n) df = (FFTgjzedt2) U dr =46.019 Fstep = 10"

at ' =9.425% 10
ss = 1..FFTgjze

2-1-Fstep

w

FFTv = sv[ jx-2-m-df -ss,0,0,0, FFTv, = Re(FFTv )
Ss 0 1

(jx-2-7-df-ss)”

fftv := IFFT(FFTv) pp = 0.. rows(fftv) — 1 rows(fftv) = 2.048 x 103

N

1.5

ff 180
tV p_

0.5

0 0.5 1 1.5 2 2.5
pp-dt- 1000
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Closed-Form Result for Type-2 System

(ot

2-7-Fst e 2 )
P vsin(con-\ll -Ct

(0] ’ 2

n 1 —C

Frequency Step Response

epd(t) =

140
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Phase Error at VCO, deg

40
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log (x)

+ 0.1\ erfc(x) =1 - erf(x)
log (2)

BER fOl’ QAM bits (x) := ﬂoor(
16 0AM bits(16) = 4

BPSK case added at the end
1
Qx) = —-(1 - erf(i\ﬂ 26 October 2001
2

b ENo) o EsNo\ 1 3 EsNo\ From Modern Quadrature
b16QAM (EsNo) = —Q e )+ PR R B ) Amplitude Modulation by W.T.
Webb, L. Hanzo, Pentech Press,

1994, page 161

SNRpit dB =15
B EsNo is the AVERAGE symbol to noise ratio

0.1-( SNRpit dB _7 .
PmeAM[lo (SNRoic_ )-bits(16)} - 1.228x10 ' Bit Error Rate

From Digital Communications,
Proakis, Wiley, 2nd Ed., 1989,
page 282

Symbol Error Rate

i 1) 3Kk-p 1 1) 3k b ool
Ps(vh. M. k) = 2-(1—ﬁ)-erfc[ m:H:l—;(l—ﬁ)erfc[ m“ (equ. 4.2.144)

Here, vy, is the average SNR per bit

k is the number of bits per symbol
M is the total number of points in the square QAM constellation (256)

-7
,256,8 , = 0.15215195 —-erfc| | —-10 = 7.367 x 10

0.1-SNRpit 4B N 3 2 0-l'SNRbit_dB\
P\ 10 5 s
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kb :=0.15
EsN =10+ kb EbN = EsN —10-log\bits| 16
Noa,, oun,, = EsNogp,  ~ 10-0g (bits(16))

0.1-EsNo
aB,, )

p 10 16. 4 0.1-ESNOdBkb
S = s 5
PSkb = Fs 4 ) pbkb = Ph16Qam | 10

Error Rate Performance for 16 QAM
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L .\
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7~
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— Symbol Error Rate
"""" Bit Error Rate

24

26

Copyright J.A. Crawford 2004




J.A. Crawford

U10220 BER for Square QAM.mcd

Derived Phase Noise Impact for Square QAM Constellations

AvEnergyPerSymbol (CSize) =

AvEnergyPerSymbol (256) = 42.5

Nbits < floor w + 0.1\
log (2) )

0.5-Nbits
RailLevels « 2 1

sum < 0
3 RailLevels
for iie .. — —
2
B RailLevels
for je0..— -

(2-ii+1\2 (2~jj+1\2
sum < sum + T + | —
2 ) L2 )

4-sum

CSize

sum <

Assumes square QAM
constellation.

Adds up power for all of the
constellation points in the upper
right-hand quadrant, multiplies
this sum by 4 to get the total for
the entire constelllation, and then
divides by the total number of
constellation points.

Rectangular spacing between constellation points
assumed to be d= 1.
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1 .

og (CSize) . 0.1\
log(2)

Nbits

Psym (On . SNRdBp;(. CSize) := | Nbits « ﬂoor(

RailLevels « 2

0.1-SNRdBy;¢
snrpit < 10

E < AvEnergyPerSymbol(CSize)

E
o¢« [ ——
2-snrpji Nbits
RailLevel
ailLeve s_1 1 (2-k+1) .
2 - - —~s1n(9n)
2 2
sum ¢« Z erfc
G/ 2
R V2
RailLevels
ailLeve 9_1 1 (2-k+1) .
2 125U Gin (o)
2 2
sum ¢« sum + Z erfc

k=0 o\/2

RailLevels — 1\
sum ¢« sum-2:| ——m8

RailLevels2 )
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pp =0.50

SNRbitdBpp =2+pp-0.5

16 QAM Situation

Ylpp

Y3pp

Symbol Error Rate
ek ek

—

= Psym ( 0.SNRoiap . 16
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J

Phase Noise Impairment for 16 QAM

y2pp = Psym

1
—7,SNRpitdp 16
180 pp

2 3
= Psym| ——= 7 ,SNRpjtdB_ 16\ y4pp = Psym| —— 7 ,SNRpjigp__ .16
180 L 180 PP

10 12 14

SNR per Bit, dB
— No Phase Noise
"""" Static Error = 1 deg
==== Static Error =2 deg
""" Static Error = 3 deg
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256 QAM Situation

Y1lpp = Psym (0 , SNRbitdBpp ,256"

0.5
¥2pp = Psym| — 7 ,SNRpjidB 256
180 PP

1
¥3pp = Psym| —— 7 ,SNRpjidB 256
180 PP

Phase Noi

)
)
)
)

se Impairment for 256 QAM
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y4pp = Psym

2.0
Y5pp = Psym| —— 7 ,SNRpjidB 256
180 PP

— No Phase Noise
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Static Error = 1 deg
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— Static Error =2 deg

1.5
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64 QAM Situation

Symbol Error Rate

— . N 1
lpp =P 0,SNR; ,64
Yipp sym( bltdBpp } Y3pp = Psym rg().n’SNRbitdBpp’(ﬂ

0.5
V2pp =P — 7, SNRpitgp 64
PP Sym(wo %0

0.1

0.01

1-10

110
-5
110

110 °
110

1-10

2.0
V5pp =P — 7, SNRpitgg 64
PP TSI 180 %0

Phase Noise Impairment for 64 QAM

0 5 10 15 20 25 30
SNR per Bit,dB

— No Phase Noise

"""" Static Error = 0.5 deg

==== Static Error = 1 deg

""" Static Error = 1.5 deg

— Static Error =2 deg

1.5
y4pp =P — 7, SNRpitgg 64
) e T "4
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Now, assume the Tikhonov PDF for the phase error: 16 QAM Case

cos(8)-1
2
1 Gy
pe(e,ce) =—"-¢ J
2-T-Gg
0.5
. . edc::grms \
PsWithNoise16(SNRpitdB. Odegrms) = pe| 0. — =7 ‘Psym (6. SNRyitap. 16) d6
1
-05

phlpp = PsWithNoise16( SNRpigg 0.1
pp

J

ph3pp = PsWithNoise16( SNRoitdB . 3) phdpp = PsWithNoise16( SNRoitdB . 4)

J

Symbol Error Rate for 16 QAM

ph2pp = PsWithNoise16( SNRpitgp .2
pp

J

J
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o . Se S
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\ -, N
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_4 .'. \\
1-10  — 5
\ S .
\ .
\ N
\ .
\ N
. \
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"""" 2.0deg. rms
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Now, assume the Tikhonov PDF for the phase error: 64 QAM Case

0.5
M.n\ Psym(e - SNRbitdB- 64) “°
180 )

PsWithNoise64 (SNRpitdB. 8degrms) = pol @,

-0.5
0 Ph2pp = PsWithNoise64(SNRpiap 1.0
]

phlpp = PsWithNoise64( SNRpitgg 0.1
pp i ph4pp = PsWithNoise64

ph3pp = PsWithNoise64( SNRpitgg 1.5
pp

1

( SNRbltdB 1.8
l
ph6pp = PsWithNoise64( SNRbltdB ,2.5)

phSpp = PsWithNoise64( SNRpitgp -2 '
PP

J

ph7pp = PsWithNoise64 SNRbltdB ,3)

J

Symbol Error Rate for 64 QAM
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0.01
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S
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S
S 110 0
S
e}
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19 20
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10

Now, assume the Tikhonov PDF for the phase error: 256 QAM Case

0.5
Bdegrms
Odegrms )

o “Psym (8. SNRbjitap. 256) d6

PsWithN 0ise256( SNRpitdB. Odegrms) = pe(@,

-0.5

phlpp = PsWithNoise256( SNRpitgg 0.1
pp

1

ph2pp = PsWithNoise256( SNRpitgg 0.5
pp J

phdpp = PsWithNoise256( SNRpitgp ,0.75
pp

J

ph3pp = PsWithNoise256( SNRpitgg .1
pp

J

Symbol Error Rate for 256 QAM
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11

erf(1) = 0.8427

du = 0.8427

Rayleigh Fading Compensation Method for 16QAM in Digital Land Mobile Radio Channels', IEEE 1989,
S. Sampei, T. Sunaga

BER for Gray-coded 16-QAM with coherent detection

Pb('Yo) = g-erfc(\/m) _ %'erfc(m)z

Rayleigh Fading Compensation for QAM in Land Mobile Radio Communications', IEE Trans. Vehicular
Tech., May 1993, S. Sampei, T. Sunaga

BER for 64-QAM

4o Ly 1 )
Pb(YO) = E'erfC(;-YO) — g-erfc ;'YO)

BER for 256 QAM

2

(7o) 15 [ [4 ) 225 [ )
= —:-CricC _— — —-Cr'iC _—

bi¥o) = 4 g5 ' ) 2048 g5 '° )
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Look at BER with BPSK kp:=0.40  xyp = kp-0.25
8-op
() \2
\ -05 | —
1 0.05-EbNogp 1 Gp]
Pb(EbNodB,Gp) =2 —-erfcl| 10 -cos(0) , -e do
2 2 - Op
0

15 20 )
1) 10 ) y3, = Pb — 4yp = Pb =
. . Yokp ¢ Xkp » T Yakp ¢ Xkp » n
ylkp = Pb| xkp» T y2kp = Pb| xkp » T p p p p
p ( P° 150 ) p P° 150 180 ) 180 )

J

BPSK BER Versus Phase Noise

0.1
0.01 \"\{.\“ <=
ds s
N
\..\\
N
=2 -3
2110
—4
1-10
-5
1-10
2 3 4 5 6
Eb/ No, dB

— 1ldegreerms

"""" 10 degrees rms
15 degrees rms
20 degrees rms

-cemoem
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13

Look at BER with QPSK kp := 0..40 Xkp = kp-0.35
8 -op
\2
_0.5. R
1 0.05-EbNogp 1 (
qu(EbNodB,Gp) = —-erfc|:10 -(cos(0) — sin(G))}-—-e Gp) de ...
2 A/ ZTCGP
0
8-op
() \2
_0_5. R
1 0.05-EbNogp . 1 op
+ —-erfc| 10 -(cos(0) +sin(0)) || ———e¢ de
2 2-m-op
0

1 3 5
ylkp = Pbq| xkp,— 7 y2kp = Pbq| xkp,— T y3kp = Pbq| xkp,— T
P 180 P P” 180 P P” 180

J
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J.A. Crawford
QPSK SER Versus Phase Noise
0.01
1 ~10_3
[
o
)
110"
28
|
\ N\,
\
\
-5
1-10
5 6 7 8 9 10 11 12
Eb/ No, dB

-cemoem

1 degree rms

3 degrees rms
5 degrees rms
7 degrees rms
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Symbol Error Rates with Timing Errors Present J.A. Crawford
March 24, 2004
Baseband Synchronization

Transmitter End: Assumed to be square-root raised cosine pulse-train with BT= 0.50

T:=1 Assume one symbol per second
o =05
. (1-a)
Hgrrc () = xeﬁ if |f| <
2.-T
T T 1) .
X [—| 1-sin| —f—— otherwise
2 o 2T
) 1+«
X0 if |f] >
X < X
Npts = 1024 sps := 32 Samples per symbol used
nn = 0. Np
sps nn sps 1 -1
fswpp = —m df = 222 dt = (df-Npy)
Plsyp = Hsrrc(fswnn)
Pulse Transform
1
0.75
(5]
o
2
=05
<
=
0.25
0
0 0.2 04 0.6 0.8

Frequency, Hz
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Receive End: N=3 Butterworth Filter

Jx :=\/T1
1 o, = 2-1w0.50
er(s,wc) = 3 5
(i\ +2.£1\ PP
c)c) wcj

LPFpy := 10-log ([Hpx (jx- 27 fswpn . oc) |)

g1 !
NBW :=J' (|er(jx-2~n~ff,mc)|)2dff

0
Receiver LPF

NBW = 0.524

{
&=

Gain, dB

|
=)

0.2 0.4 0.6

0.8
Frequency, Hz
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pp

Compute Receive Pulse Shape Out of LPF WITHOUT Noise Present T:=8T
. -jx-2-m-f1
RxPls(f,c)C) = Hsrrc(f)-HrX(]x-Z-ﬂ:-f,O)C)-e
0. =3.142
Rxppp = RxPls(fswnn,c)C)
-1
rxp := IFFT(Rxp)- pp :=0.rows(rxp) -1
Nopts
Pulse Shape Out of Rx LPF
1.2
1
0.8
0 0.6
g
2
04
0.2
0 J‘
—0.2
0 10 20 30 40 50 60
Time, sec
Pk := max(rxp)
PkLoc := Z if(rxppp = Pk, pp ,0) PkLoc = 279

70
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Save receiver output pulse shape for the peak location +/- 8 symbol times

ii ;= 0..16-sps ij=0.16
pulsejj := rxp .
-8. Ise2;i =
PkLoc—8-sps-+ii puisesjj rXpPkLoc—S~Sps+jj'sps

tmjj = (—8- sps + ii)-dt

Receive Filter Output Pulse Shape

Voltage

6 8 10 12

Time, symbols
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Compute Symbol Error Rate with Noise and Intersymbol Interference
L Characteristic Function
for the ISI
C(0, terr. L) = I I if(kk = 0,1, cos(o-linterp (tm , pulse,, tery + kk-T))) or the IS| terms
kk =-L
—0.1-EbNogp
Pe(terr. EbNogp.L) = |No < 10
var <~ N4 NBW
10
2. —
— -var-®
1 sin(m-linterp(tm ,pulse,terr)) e 2
Pe e~ (0 tegy L) S doo
2 (o) e
0.0000001
-5
Pe(0.0,9.58,8) = 2.076 x 10
1 0.1-SNRyp
SNRyp = 9.58 Popt = —-erfc(y 10
2
SS
ss:=0..20 terxgg = —0.20 + 0.40- — peXgg = Pe(terxss,SNRdB,S)
20
Symbol Error Rate With Timing Error
0.01
SNRyp = 9.58
1 '10_3 /
%
5
wn
110"
Popt
-5
1-10

0.2 —015 01 0.05 0 0.05 0.1 0.15 0.2
Timing Error, Symbols
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0.1-SNRyp o . o .
snr := 10 Define inverse erfc() function to assist in computing dB from theory

Given

(erfc(ﬁ) - pe)-lO6 =0

inverse_erfc(pe) := Find (snr)

deldBgg := SNRypg — 10-log (inverse_erfC(Z-pexSS))

dB from Theory

3.5

2.5

dB from Theory
S

1.5

0.5

0
0.2 015 01 —0.05 0 0.05 0.1 0.15 0.2

Timing Error, Symbols

min(deldB) = 0.244
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Accumlated Results
Y

datout := terx

@
datout := deldB

C:\.\BS SER BT0.60.dat

datout

Read in previously computed results

d40 := | d45 = |
C:.1BS SER BT0.40.da .S SER BT0.45 6a
d55 = 460 =
C1.1BS SER BT0.55dat C1.1BS SER BT060dat

d50 :=

C:\.\BS SER BT0.50.dat
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SNR4p = 9.58

SER for N=3 Butterworth vs BT & Timing

Loss wrt Theory, dB
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T
0101010101010101)
0011001100110011

pat :=
0000111100001111

0000000011111111)

pt(datpat) := | for ppe 0..16-sps
pspp < 0
for i€ 0..3
dat < if(patdatpat,ii = 1.1.-1)
for ppe 0..16-sps

«— + dat-pul
PSpp <= PSpp T datpu Semod(pp+ii-sps,16-sps)

PS < ps

pt0 = pt(O) pt3 = pt(3) pté = pt(6) pt9 = pt(9) ptl2:= pt(12) ptl5 = pt(lS)
ptl = pt(l) ptd = pt(4) pt7 = pt(7) ptl10 := pt(lO) pt13 := pt(13)

pt2 = pt(Z) pts = pt(S) pt8 = pt(S) ptll := pt(ll) ptl4d = pt(14)
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