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12 FREQUENCY STABILITY AND PHASE NOISE MEASUREMENTS

INTRODUCTION

The term frequency stability encompasses the concepts of random noise, in-

tended and incidental modulation, and any other fluctuations of the output

frequency of a device.

Frequency stability is the degree to which an oscillating source produces

the same value of frequency throughout a specified period of time.

It is implicit in this general definition of frequency stability that the
stability of a given frequency decreases if anything except a perfect sine

function is the signal waveshape.

Long-term stability is usually expressed in terms of parts per million per

hour, day, week, month or year. This stability represents phenomenon due
to the aging process of circuit elements and of the material used in the

frequency determining element.

Short-term stability relates to frequency changes of less than a few seconds

duration about the nominal frequency.

The measurements of frequency stability can be accomplished in both the

time domain and frequency domain.

In the frequency domain, measurements are performed using a spectrum analyzer

which provides a frequency window following the detector.

In the time domain, measurements are performed with a gated counter which

provides a time window following the detector.



Both frequency domain and time domain measurements are preferred in order

to have a comprehensive and sufficient measure of frequency stability.

Phase noise is the term most widely used to describe the characteristic

randomness of frequency stability and spectral purity usually refers to

signal to phase noise ratio.

In this presentation we will attempt to conform to the definitions, symbols

and terminology set forth in NBS Technical Notes 394 and 632 [4, 15].

12.1 BASIC CONCEPTS

A sine wave signal generator is one which has a voitage that changes in time
exactly as "h" (amplitude) changes with angle ¢. The signal is an oscillat-
ing signal because it repeats itself at the end of each period. The phase

is the angle within a cycle corresponding to a particular "h" (amplitude).

In this presentation the Greek letter nu (v) represents frequency for carrier-

related measures. Modulation-related frequencies are designated (f).

The ideal (perfect) sine wave and the carrier related parameters are illus-

trated in Figure 12.1.

Vo - Average frequency (nominal frequency) of the signal

; L doyy)
v(t) - Instantaneous frequency of a signal = 77 4t

V0 - Nominal peak amplitude of a signal source output

1, - Period of an oscillation

1
To ~ 3; (12.1)
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Figure 12.1 Illustration of Carrier-related Parameters of the Ideal
Perfect Sine Function.

Q - Signal (carrier) angular frequency (rate of change of phase
with time)
Q= 2nv° (12.2)
Qt - Instantaneous angular freguency
¢ - Phase in radians. The ideal phase is defined as,
¢ = Zwvot (in radians) (12.3)

V(t) - Instantaneous output voltage of a signal. For the ideal sine wave

signal of Figure 12.1.

- _ . (12.8)
V(t) = vo Sin (Zﬂvot)

The basic relationship between phase (¢), frequency (vo), and time interval

Tt of the ideal (perfect) sine wave is

¢ = vaor (radians) (12.5)
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#(t) - Instantaneous phase of the signal voltage V(t). Defined for the

ideal sine wave as
3(t) = 2nv t (12.6)

i.e. #(t) = ¢ for the ideal (perfect) signal.

Oscillators demonstrate noise which appears to be a superposition of
causally generated signals and random, non-deterministic noises. The
random noises include thermal noise, shot noise, noises of undetermined
origin (such as flicker noise), and integrals of those noises. The end

result is time dependent phase and amplitude fluctuations.

Figure 12.2 shows a simplified illustration of noise effects on a sine

wave signal.

The instantaneous phase ¢(t) of V(t) for the noisy signal is

o(t) = Zvvot + ¢(t) (]2.7)

Where ¢(t) is the instantaneous phase fluctuation about the ideal phase
ZﬂVOT of Eq. 12.5.

In Figure 12.2a the data indicate the possible instantaneous noise voltages
Vo The dotted lines in Figure 12.2b indicate the boundaries of arbitrary

fluctuations of the signal which is indicated by the solid line.

(b)

Figure 12.2 ‘Magnified and Simplified I1lustration of Boundaries of

Instantaneous Phase, Amplitude, Frequency and Time
Interval.
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The instantaneous output voltage V(t) of a signal generator or oscillator

is now
V(t) = [vO + ¢(t)] Sin [vaot + o(t)] (12.8)

Where Vo and vy are the nominal amplitude and frequency respectively and

e(t) and ¢(t) are the instantaneous amplitude and phase fluctuations of

the signal.

It is assumed in Equation 12.8 that

%LEL <<} and %LEL <<1; for all (t) and $(t) = %% (12.9)
0 o]

Equation 12.8 can also be expressed as

V(t) = [V, + 8e(t)] Sin[2mv t + 0p + s6(t)] (12.10)

Where ¢ is a constant, & is the fluctuations operator, se(t) and s4(t)
represent the fluctuations of signal amplitude and phase respectively.

Frequency fluctuations (év) are related to phase fluctuations (&¢) by

8

L

dv =

_ 1 d(s
= 5 4t (12.11)

S

_i.e., radian frequency deviation is equal to the rate of change of phase
deviation (the first time derivative of the instantaneous phase ceviatior).

The fluctuations of time interval (§1) are related to fluctuations of phase

§¢ by

- 5¢ = (217\)0)61 (12.12)



y is defined as the fractional frequency fluctuation or fractional freguency
deviation. It is the value of §v normalized to the average (nominal) signal

frequency Vo

y = 22 (dimensionless) (12.13)

0

y(t) is the instantaneous fractional frequency deviation from the nominal
frequency Vo

12.2 SPECTRAL DENSITY

The frequency of a noisy oscillator is a combination of many different
frequencies. Therefore, the addition of all Fourier frequencies produces
the original signal. The modulation-related measures are f, the Fourier

frequency variable and w = 2nf, the angular Fourfier frequency variable.

Suppose we consider that any signal that is produced which is not at the nominal
frequency Vo is noise. The simplified illustration of Figure 12.3 shows a

sine wave signal which is perturbed for a short instant by noise. In the

first quadrant the waveform produces a change in amplitude (ah) with a

change in time interval (At). This corresponds to the nominal frequency-

of the sine wave. In the perturbed area in the second quadrant the sh and At
relationships correspond to other frequencies as represented by Vi and Vs in

Figure 12.3.
The frequencies vy and v, are being produced for a given instant of time.

This amount of time the signal spends in producing another frequency is referred

to as the probability density at v, (v] and v2) relative to Vo The frequency

domain plot is illustrated in Figure 12.3b. A graph of these probability
densities over a period of time produces a continuous line. The resulting

graph is called the POWER SPECTRAL DENSITY. The units of power spectral

density are power per hertz. Since the units are power per hertz, a plot of

power spectral density obtained from amplitude (voltage) measurements requires

that the voltage measurements be squared.
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Figure 12.3 Simplified [1lustration of Probability Density
(a) Sine Wave with Noise Generated Frequencies
vy and v,. (b) Probability Density Plot of

vy and v relative to Vo

The spectral density is the distribution of the energy versus frequency

as illustrated in Figure 12.4. This is a two-sided spectral density plot

since the range of Fourier frequencies is from minus infinity t-

Tlus drfoatty

Vo

Power/H

Figure 12.4. Illustration of Power Density Plot.
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The notation Sg(f) represents the spectral density of fluctuations of an

specified time dependent quantity (g(t)).

Sg(f) - The one-sided spectral density on a per hertz of bandwidth density
basis. This means that the total mean-square fluctuation (the to:e’
variance) of the (pure real) function is given mathematically by
the integral of the spectral density over the total defined range of
Fourier frequency f.

00

(12.18)
J/f Sq(f) aof

¢

12.3 SPECTRAL DENSITIES IN THE FREQUENCY DOMAIN

The spectral density S (f) of the instantaneous fractional frequency
fluctuations y(t) is defined as a measure of frequency stability [3].

S. (f) is the one-sided power spectral density of frequency fluctuations
on a "per hertz" basis. i.e., the dimensionality is Mzl

Sév(f) -1
Sy(f) = 5 Hz (12.15)

o

Ssv(f). in sz/Hz. is the spectral density of frequency fluctuations &v.
It is calculated as (Gvnns)z/Bandwidth used in the measurement of $Vrms
The power spectral density of phase fluctuations is a normaiized freauency
domain measure of phase fluctuation sidebands defined as follows:

SGQ(f)-in radians squared per hertz, is the one-sided power spectral
density of the phase fluctuations on a “per hertz" basis.

Sg4(7)

"

Power density of phase fluctuations at f in one hertz (y, 4
Total signal power ‘

The phase and frequency fluctuation power spectral densities are related by:

2

v
Sso(f) =|2 |5 (f) radians?/Hz . (12a7)
¢ fz y



Ssn(f), in (rad/s)Z/Hz, is the spectral density of angular frequency
fluctuations §2 . The defined spectral densities have the following
interconnecting relationships.

Se(f) = w25, (F) = (am? s, () = 5, (F)  wme (12.18)

or

5, (f) 2 2
S,(f) = e (?3?) <—-‘—§) Ssalf) = -f—z SseT) H2™! (12.19)
\)O \)o \Jo

The National Bureau of Standards recommends a definition of frequency
stability which relates the actual sidzband power of phase fluctuations
with respect to the carrier power level. The defined definition is
called Script £/f)

Script £(f) is defined as the ratio of the power in one sideband, referred
to the input carrier freauency, on a per hertz of bandwidth spectral
density basis, to the total signal power, at Fourier frecuency f from the
carrier, per one device. It is 2 rormalized frequency domain measure of
phase fluctuation sidebands expressed as dB relative to the carrier per Hz.

2(f) = Power Density (one phase modulatior sideband) dBc/Hz (12.20)
Carrier Power '

For the condition that the phase fluctuations occurring at rates (f) and
faster are small compared to one radian, a good approximation is,

s, . (f) .
2(f) = 3¢ (°”92”"‘t) Hz"! (12.21)
2 radians

If the small angle condition is not met, Bessel function algebra must be
used to relate #(f) to Ss‘(f).

The NBS defined spectral density is usually expressed in decibels relative
to the carrier per hertz (dBc/Hz) and is calculated as,

S (f) .
£(f) = 10 Tog [“‘ (one ”"’tl} dBc/Hz (12.22)
‘ 2 rad2

It is very important to note that the theory, definitions and equations
preyiously set forth relate to a SINGLE DEVICE.
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Sst(f). in seconds squared per hertz, is the spectral density of time
interval fluctuations. &t = 8¢/(2mv,).

The spectral densities of frequency, phase and time interval have the
following interconnecting relationships.

_ 2
Seo(f) = (2mv)? s, (£), rad?/m, (12.23)
2
S5 (1) = (i) 5,(9), §2M, (12.24)

12.4 NOISE PROCESSES

The spectral density plot of a typical oscillator's output is usually a

combination of different noise processes. It is very useful and meaningful
to categorize these processes since the first job in evaluating a spectral
density plot is to determine which type of noise exists for the particular

range of Fourier frequencies.

The two basic categories of noise are the discrete frequency noise and the

power-law noise process.

Discrete frequency noise - a type of noise in which there is a dominant

observable probability i.e. deterministic in that they can usually be re-
lated to the mean frequency, power line frequercy, vibration freguencies or

AC magnetic fields, or Fourier components of the nominal frequency.

Discrete frequency noise is illustrated in the frequency domain plot of
Figure 12.5

These frequencies cam-have their own spectral density plots which can be

defined as noise on noise.
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Figure 12.5 Basic Illustration of Discrete Frequency Sianal Display.

-

Fower-law noise process - Types cf noise which produce a certain slope on

the one sided spectral density plot. They are characterized by their depend-

ence on frequency. The spectral density plot of a typical oscillator outbut

is usually a combination of the different pcwer-law processes.

In general we can classify the power-law noise processes into five categories.
These five processes are illustrated in Figure 12.6 which can be referred to

with respect to the following description of each process.

4
1. RANDC™ WALK FM {random walk of frequency) The plot goes dowr 2as e

This noise is usually.very close to the carrier and is difficult to
measure. It is usually related to the oscillator's physical environment

(mechanical shock, vibration, temperature, or other environmental effects).
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This noise is typically related to the physical resonance mechanism of
the active oscillator or the design or choice of parts used for the
electronic or power supply, or even environmental properties. The time
domain frequency stability over extended periods is constant. In high
quality oscillators this noise may be marked by white FM (1/f%) or
flicker phase modulation ¢M (1/f). If may be masked by drift in low

quality ~scillators.

3. White FM (white of frequency), Random Walk of Phase. Plot goes down as 1/f%

A common type of noise found in passive-resonator frequency standards.

Cesium and rubidium frequency standards have white FM noise characteristics

since the oscillator (usually quartz) is locked to the resonance feature
of these devices. This noise gets better as a function of time until

it (usually) becomes flicker FM (1/f3) noise.

4. F.ICKER ¢M (flicrer(modu et cn; of phase). The plot goes dov: =+ . 4

This noise may relate to the physical resonance mechanism in an
oscillator. It is common in the highest quality oscillators. This
noise can be introduced by noisy electronics - amplifiers necessary
to bring the signal amplitude up to a usable level, and frequency
multipliers. This noise can be reduced by careful design and hand-

selecting all components.

5. WHITE ¢M (white of phase), White phase noise plot is flat f°.

Broadband phase noise 1is generally produced in the same way as flicker
¢M (1/f). Late stages of amplification are usually responsible. This
noise can be kept low by careful selection of components and narrow
band filtering at the output.

The power-law processes are illustrated in Figure 12.6.
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12.5 BASIC MODULATION THEORY AND SPECTRAL DENSITY RELATIONSHIPS

Applying a sinusoidal frequency modulation (fm) to a sinusoidal carrier
frequency (vo) produces a wave that is sinusoidally advanced and retard-

ed in phase as a function of time. The instantaneous voltage is expressed

as,
v(t) = V0 Sin [2ﬂvot + A¢ Sin Zmet] (12.25)

Where A¢ is the peak phase deviation caused by the modulation signal.

The first term inside the brackets represents the linearly progressing

phase of the carrier. The second term is the phase variation (advancing

and retarded) from the linearly progressing wave.

The effects of modulation can be expressed as residual fp noise or as

single side-band phase noise. For modulation by a single sinusoidal

signal the peak frequency deviation of the carrier (vo) is
v, = A¢ o f (]2.26)

A

AY
b = == (peak) (12.27)
m

where fm is the modulation frequency.

This ratio of peak frequency deviation to modulation frequency is called

Modulation index (m) so-that a¢ = m and

m = ;"_ (12.28)

0
m
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The frequency spectrum of the modulated carrier contains frequency components
(side-bands) other than the carrier. For small values of modulation index
(m<<1), as is the case with random phase noise, only the carrier and first

upper and lower sidebands are significantly high in energy.

The ratio of the amplitude of either side-band (single side-band) to the

amplitude of the carrier is

v
SB_m

This ratio is expressed in dB and referred to as dBc (dB below the carrier

for the given bandwidth).

vV Av
S8
dBc = 7= = 20 Tog % = 20 Tog 57~ (12.30)

which can also be expressed as

Av 2
dBc = 10 log (L"z)2 = 10 log (5?9) (12.31)
m

The NBS defined spectral dénsity of phase fluctuations is Z(f) in
dBc/Hz. Therefore,

B? = 10210 (12.32)
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The modulation index (m) can now be expressed in terms of the spectral
density of phase fluctuations,

m = ‘/z « 10 %F) . \/S“(f) radians (12.33)

As an example, assume that £(f) is -83 dBc/Hz,

V2 x 10783710 - 1574  radians (12.34)

m? = (107 radians)? (12.35)

3
"

And

Sg4(7)

which is equal to -80 dB reiative to one square radian.

If the frequency deviation is given in terms of its rms value then,

A\)o
Bems = 5 (12.36)
Equation 12.31 now becomes
Ysp 8% s 8 s \2
7| = 2(f) =20 log —= =10 logg — (12.37)
0 db N fm \/2 fm .

The ratioc of single sideband to carrier power in dBc/Hz is

-Avms
2(f) = 20 log +— - 3 dB (12.38)
L m ,
and - Ay
- S (fl = 20 log | M (12.39)
§¢ fm
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The relationships of modulation index, rms frequency deviation, peak
frequency deviation, and spectral density of phase fluctuations are

shown in the following equation.

Av
mo_ o__ms _ ‘/ £(f)/70 l‘/‘—" (12.40;

Relative scale plots of Z(f) 1in dBc/Hz, spectral density of phase

in radians squared per hertz, spectral density of phase in dB realtive
to one square radian, and modulation index in radians are shown in
Figure 12.7.

Previous discussions indicated that when noise modulation indices are small,
correlation noise can be neglected. (Two signals are uncorrelated if their
phase and amplitudes have different time distributions so that they do not
cancel in a phase detector). It is useful to separate noise side-bands

into amplitude modulation (AM) and frequency modulation (FM) components

and to discuss noise as a modulation phenomenon.

Noise side-bands can be thought of as arising from a composite of low
frequency signals. Each of these signals modulate the carrier producing
components in both side-bands separated from the carrier by the modulation

frequency.

Figure 12.8 illustrates that a signal, such as a single upper side-band,
can be represented byaa“pair of symmetrical side-bands (pure AM), and a
pair of antisymmetrical side-bands (pure FM). The resultant FM noise

vector Ties at right angles to the carrier.
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